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CHAPTER ONE 
CHAPTER 1 
INTRODUCTION 
1.1 General Introduction 
There are many interesting areas of research in directed 
graphs. One such in the field of directed graphs is the 
tournament. The tournament theory is one of the richest 
theories in oriented graphs. 
Upto 1965, much research work was carried out on 
tournaments but the results were all scattered. Harary et al. 
[23] in 1965 for the first time made a systematic study of the 
tournaments and presented the known results in their book 
[23]. After a year only Harary et al. [22] published a paper 
containing some more new results along with a bibliography. 
The pioneering work on tournaments has been reported by 
Moon [30] in his book "Topics on Tournaments", which was 
published in 1968. A very useful and extensive survey as well 
as bibliography (containing 95 references) of the work on 
tournaments has been published by Reid and Beineke [38], in 
the book "Selected Topics in Graph Theory". A short, 
specialized survey appeared in 1981 by Beineke [5]. 
The recent general survey as well as bibliography by the 
Reid [36] (containing 170 references) has been published in 
1996, which covers the development of the past 43 years from 
1953 to 1996. Finally, the most recent, list of publication 
connected with tournaments are given by Antel [2], which 
gives a year-wise list of publications containing 218 
references. For the survey and bibliographies we refer to Reid 
[36] and Antel [2]. 
Perhaps the first theorem on tournaments is the fact that 
every tournament contains a Hamiltonian path, and second 
theorem is the fact that a tournament is strongly connected if 
and only if every vertex is contained in cycles of all possible 
lengths. Another result, just as basic as these above two, gives 
necessary and sufficient condition for a sequence of integers 
to be the score sequence of some tournament. This result is 
known as Landau's Theorem. Landau's Theorem attracted 
many researchers as nearly a dozen different proofs appeared 
in literature. Many of these existing proofs are discussed in 
the survey by Reid [36] in 1996. For other proofs we refer to 
Griggs & Reid [20], and Brauldi & Jian [8]. 
The important research areas of tournaments are the 
spanning path, scores, extremal problems, the automorphism 
of tournaments, regularities in tournaments, frequency sets, 
score sets, scores in multipartite tournaments, kings in 
tournaments and multipartite tournaments, tournament 
colouring problems, and isomorphism problems. For many 
open problems and conjectures we refer to Reid [36]. 
One of the important aspects of tournaments is the score 
sequences and we study it in detail in chapters 2 and 3. The 
literature on the scores of the tournaments can be found in 
[1,3,5,8,11,14,17,18,19,20,24,26,27,28,29,32,34,38]. 
For enumeration problems related with tournaments we 
refer to [17,26,28,32]. 
Landau's Theorem is the tournament analog of Erdos-
Gallai Theorem [15] for graphical sequences. First time Chen 
et al. [10] gave the concept of degree sequences with single 
repetitions in 1995. For the literature related to degree 
sequences with single repetitions, we refer to [9,10,25]. 
1.2 Synopsis of the dissertation 
Here we mention the contributions contained in the 
dissertation. Chapter 1 provides the necessary ground to 
understand the contents presented in the subsequent sections. 
In Chapter 2 we give a brief review on score sequences 
of tournaments, score sequences of strong tournaments, strong 
component decomposition and simple score sequences. 
Analogous to Chen et al. [10], we define score sequences with 
a single repetition p of length q, and present the results which 
realizes the strong score sequences which has a single 
repetition of length four. 
In Chapter 3, we study self-converse, self-converse and 
simple, and strong and self-converse score sequences. We 
present the results which realizes the self-converse strong 
score sequences with a single repetition of lengths three and 
five. Finally we give the number of strong score sequences 
with a single repetition for various lengths and of different 
orders. 
In the last chapter 4, we study score sequences of 
bipartite tournaments and give some results for score 
sequences of strong bipartite tournaments ( A , B ) J which have 
all the scores of A and all the scores of B are same. 
1.3 Basic Definitions and Notations 
In this dissertation D denotes the end of a proof. Let r be 
a real number. The integral part of r is denoted by [r]. Let S be 
a sequence and x G S, the sequence, obtained from S by 
removing the entry x is denoted by S\(x), 
For the basic definitions and concepts related to 
tournaments we refer to [12,13,16,21,23,30,31,33,38,39,40, 
41]. Few basic definitions are given below. 
Definition 1.1. A graph G = (V,E), is an ordered pair, where V 
is a finite, nonempty set whose elements are termed vertices, 
and E is a set of unordered pair of distinct vertices of V. Each 
element e = (a,b) G E (where a,b G V), is called an edge and is 
said to join the vertices a and b. 
Definition 1.2. A sub-graph of a graph G, is a graph having all 
of its vertices and edges in G. 
Definition 1.3. A bipartite graph G is a graph whose vertex set 
V can be partitioned into two subsets Vi and V2 such that 
every edge of G joins a vertex in Vi to a vertex in V2. 
Definition 1.4. If the edge e = (a,b) € E, then a and b are both 
said to be incident with e and adjacent to each other. 
Definition 1.5. A digraph D = (V,A), is defined to be an 
ordered pair of sets (V,A), where V is finite and nonempty set 
and A is a set of ordered pairs of distinct elements of V. We 
call the elements of A arcs. If e = (a,b) is an arc of digraph, 
then a is adjacent to b and b is adjacent from a. 
Definition 1.6. An oriented graph is a digraph having no 
symmetric pair of directed arcs. 
Definition 1.7. The out-degree ,d^(v), of a vertex v is the 
number of vertices adjacent from it, and the in-degree ,d"(v), 
is the number adjacent to it. 
Definition 1.8. A directed walk in a digraph D, is an 
alternating finite sequence. 
W = Vo e , v i Ck Vk, 
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of vertices and arcs such that for i = 1,2, , k, ei=(vi.i,Vi). 
The number k of arcs in W is called length of W. A closed 
walk has the same first and last vertices and a spanning walk 
contains all the vertices. 
Definition 1.9. A path is a walk in which all the vertices are 
distinct. 
Definition 1.10. A cycle is a closed path. 
Definition 1.11. If there is a path from a vertex u to the vertex 
V, then V is said to be reachable from u. 
Definition 1.12. A digraph D is said to be strong or strongly 
connected if every two vertices are mutually reachable. 
Definition 1.13. The converse digraph D' of a digraph D has 
the same vertex set as D and (u,v) € E (D') if and only if (v,u) 
€ E(D). 
Definition 1.14. A complete graph Kn is a simple graph in 
which each pair of distinct vertices is joined by an edge. 
Definition 1.15. A strong component S of a digraph D is a 
maximal strong sub-graph. 
Definition 1.16. Two Digraphs Dj = (Vi,Ei) and D2 = (V2,E2) 
are said to be isomorphic, denoted by Di = D2, if there is a 
one-to-one, onto mapping f: Vi->V2, such that (u,v) € E, if 
and only if (f(u), f(v)) €£2-
Definition 1.17. A digraph is said to be self-converse if D s D ' . 
Definition 1.18. A tournament T = (V,E) is a complete 
oriented graph with vertex set V and arc set E i.e. for every 
pair of vertices u and v either (u,v) is an arc or (v,u) is an arc, 
but not both. 
Definition 1.19. In any tournament a vertex u dominates v if 
(u,v) is an arc. 
Definition 1.20. In a tournament, the score of a vertex v, 
denoted s(v) or Sy, is the number of vertices dominated by v. 
Thus Sv is the out degree of v. 
Definition 1.21. Let X = (xi, X2, , Xn) and Y = (yi, y2,---yn) 
be two different non-decreasing sequences of non-negative 
integers. We say X precedes Y, denoted by X<Y,if and only if 
Xk < yk and Xi=yi for i=l,2,--- ,k-l for some k, 1< k < n. 
A sequence X is the immediate predecessor of a sequence 
Y if there exists no Z = (zi,Z2, ,Zn) such that X < Z < Y. 
Such an ordering of sequences is known as antilexicographic 
ordering. We always arrange all the score sequences in 
antilexicographic order. 
CHAPTER TWO 
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CHAPTER 2 
STRONG SCORE SEQUENCES WITH SINGLE 
REPETITIONS 
In this chapter we study some properties of strong score 
sequences of tournaments. We mention some known results on 
the score sequences. We define the score sequences with a 
single repetition. We list the total number of strong score 
sequences with a single repetition. We characterizes the strong 
score sequences with a single repetition of length four. 
Finally, we give the number of strong score sequences with a 
single repetition of length four, five and six. 
A tournament T = (V,E) of order n is a complete 
oriented graph with vertex set V = {vi, V2, , Vn} and arc set 
E, i.e. each pair of distinct vertices Vj and Vj is joined by 
exactly one of the arcs (Vi,Vj) or (vj,Vi) but not both. If (Vi,Vj) 
G E, we say that Vj dominates Vj. The score s(vi) or simply Sj, 
is the number of vertices dominated by Vj. 
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The sequence S = (si, S2, , Sn) with 0 < Si < S2 < < 
Sn < n-1 is called a score sequence, if there exists a 
tournament T with scores Si, i = 1,2, ,n. 
Definition 2.1. A score sequence S = (si, S2, , Sn) is said to 
be realizable by a tournament T if there exists a tournament T 
with vertex set V(T) = {vi, V2, , Vn) such that Si = s(Vi) for 
i = 1,2, ,n. Such a T is known as realization of S. 
A score sequence S = (si, S2, , Sn) is regular if Si = S2 
= = Sn and near-regular if the maximum difference 
between its scores is one. 
Below we report a necessary and sufficient condition for 
determining when a sequence is realizable by a tournament. 
Theorem 2.1 [27] Let S = (si, S2, , Sn) be a non-decreasing 
sequence of n non-negative integers not exceeding n - 1 . Let Si 
be obtained from S by deleting one entry Sj and reducing 
(n-l-Sj) largest entries of S by 1. Then S is a score sequence 
if and only if Si is. 
And more directly we have the following. 
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Theorem 2.2 [27] A non-decreasing sequence S = (si, S2, , 
Sn) of non-negative integers is the score sequence of a 
tournament if and only if, for 1 < k < n 
ts,>M!izl) 
with equality for k = n. --(2.1) 
Definition 2.2. A score sequence S is said to be strong if all 
the tournament with score sequence S are strong. 
Theorem 2.2 induces a result to find which score 
sequences are strong. 
Corollary 2.1 [27] A non-decreasing sequence S = (si,S2, 
Sn) of non-negative integers is a strong score sequence of a 
tournament if and only if, for 1 < k < n - 1 , 
ys,>MzI) 
w 2 
and ts.^-"^ -(2.2) 
Beineke and Eggleton (unpublished) have independently 
shown in 1970's that in applying theorem 2.2 and corollary 
2.1, one needs only to check the inequalities in equations (2.1) 
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and (2.2) for those values of k for which Sk < Sk+i- Gervacio 
[18] gave another characterization for the realization of strong 
score sequences. Gervacio [18,19] also investigated the 
construction of tournaments with a given score sequence. 
Strong score sequences with single repetitions; 
Let S = (si, S2, , Sn) be a score sequence of a 
tournament of order n, then 0 < Si < n-1 for 1 < i < n. So, we 
can allocate n distinct integers, lying between 0 and n - 1 , on n 
places in non-decreasing order once. Hence there is only one 
score sequence (0 ,1 , , n-1) of order n, which has all entries 
distinct, which is transitive. 
Let S = (si, S2, , Sn) be the strong score sequence of 
order n, then 1 < si < n-2 for 1 < i < n. In this case we have to 
allocate maximum n-2 distinct integers in nondecreasing 
order, lying between 1 and n -2 , on n places, so either one 
entry (integer) must be repeated at least three times, or, two or 
more entries must be repeated at least two times in the 
sequence. Thus there is no strong score sequence which has all 
entries distinct. 
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Also there is no strong score sequence which has a single 
repetition of one entry two times and all other entries distinct. 
In this section we study the strong score sequences, 
which has only a single repetitions of one entry, and all other 
entries distinct. We define. 
Definition 2.3. A score sequence S = (si, S2, , Sn) is said to 
contain a single repetition p of length q if there are exactly q 
equal entries s, = Sj+i = = Si+q_i = p, and all other entries of 
the sequence are distinct. 
We note that there is only one strong score sequence of 
odd order n (n>3), which has all entries same. This is given by 
j^ _ n - 1 n - 1 n -1 n - 1 
S - ( _ - , _ , - — , _ ) or, S = ( „ x — ) 
This is a regular score sequence. 
We also observe that thee is only one strong score 
sequence of even order n (n > 4), which has two repetitions 
n - 2 j i i , c A ^ i H . 
and — each or length —, i.e., 
2 2 ^ 2 
n -2 n - 2 n - 2 n n f^__.n-z n - z n - z n n n . 
^ ~ 2 ~ ' ^ ~ ' """•' "T" ' 2' 2' " " ' y 
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or S = (—X -—, — X —), which is a near-regular score 
^2 2 2 2 
sequence. 
Example 2.1. This example represents all the 6 strong score 
sequences having a single repetition of order 8, arranged in 
antilexicographic order. 
Sequence Number Score Sequence 
1. (1,2,3,4,4,4,4,6) 
2. (1,2,4,4,4,4,4,5) 
3. (1,3,3,3,3,4,5,6) 
4. (1,3,4,4,4,4,4,4) 
5. (2,3,3,3,3,3,5,6) 
6. (3,3,3,3,3,3,4,6) 
Table (2.1) 
Let sr(n) denotes the number of strong score sequences 
with a single repetition of order n. A strong score sequence 
with a single repetition have order at least three. No result is 
known which gives the values of sr(n) for all n (n>3). Table 
2.2 lists the values of sr(n) for some values of n. 
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n 3 5 6 7 8 9 10 11 12 13 14 15 
sr(n) 1 2 2 4 6 14 22 42 78 144 270 510 
Table (2.2) 
Let S be a strong score sequence of order n, with a single 
repetition (say p) of length five. As p is repeated five times 
exactly two of the n-2 possible entries from 1,2, ,n-2 are 
missing. Let the missing entries be x and y, we write 
S = (1 ,2 , -—, p - 1 , 5xp, p+1, —-, n-2) \ (x,y) 
Let S = (si, S2, , Sn) be a score sequence of order n 
and S' = ( n - l - S i , n- l -S2, , n-l-Sn) be the converse score 
sequence of S. We have the following result. 
Theorem 2.3. S = (sj, S2, , Sn) is a strong score sequence 
with a single repetition p of length q, if and only if the 
converse score sequence S' = (si',S2', , Sn') is a strong score 
sequence with a single repetition n - l - p of the same length, 
where 
Si' == n - l - S i 
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Proof. We know that S is strong if and only if S' is strong. As 
S has a single repetition p of length q, then S' will have a 
single repetition n - l - p of the same length q. D 
Now we report the main result which characterizes strong 
score sequences with single repetition of length 4, for order 
n>6 and n even. 
Theorem 2.4. For n even and 6j<n<6(j + l ) , j = 1,2, there 
are 2j strong score sequences Sk and Sk' of order n, having a 
single repetition of length 4, where 
e , ,_ n + 2(k-2) . n + 2(k-l) n + 2k ^ , , n + 6k-4 Sk = (1,2, , ^^  ^,4x ^^  -^—7^^ ,n-2)\( ) 
F o r k = 1 , 2 , - — , j . - (2 .3 ) 
Proof. Since n is even, let n = 2m, then 3j < m < 3(j + l ) , 
j = l ,2 ,—-
Sk = (1 ,2 , -—, m+k-2, 4x(m+k- l ) , m+k,—-,2m-2)\(m+3k-2) 
k = 1,2,—-,j . - (2 .4 ) 
The missing entry m+3k-2 will appear after the repeated 
entry m+k-1 as m+k-1 < m+3k-2 for k>l . 
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Now we show that Sk is a strong score sequence 
consider. 
2m 
i=I 
£s , = {1+2+—-+ (2m-2)} + 3 (m+k-1) - (m+3k-2) 
(2m-2)(2/77-l) ,- ,, 
= ^^ "^—- , thus the equality holds for n = 2m. 
Now for strongness we have to show that 
^ s , > ^ ^ ^ , l</<2m —(2.5) 
i=l 2 
Case 1. For 1 < / < m+k-1 
ys.= ^llll>l<LJl^ thus the result hold for l< /<m+k-l 
i=l 
Case 2. For / = m+k+2 
m + k + 2 m + k - 1 
X si= Xsi + 3 (m+k- l ) 
/= i (=1 
(m + k-l)(m + k) ^ 3 (^+j^_i) 
(m + k-l)(m + k + 6) .^ ^. 
~ ^+(m+k-4) , m>3, k>l . ---(2.7) 
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Subcase 2.1. When m=3, k=l , then m+k-4=0 and from 
equation (2.7) we get 
"•^ "2 (m + k + 2)(m + k + l) 
L S' = ^ 
.=1 ^ 
In this case the repeated entry m+k-1 becomes 3 and the 
last entry in the sequence,2m-2 is 4,and missing entry m+3k-2 
is 4, i.e. the repeated entry 3 is the last entry, hence result 
holds. 
Subcase 2.2. In this case there are two possibilities either m>3 
and k>l or m>3 and k>l , so in both cases, we see that m+k-
4>0, hence, from equation (2.7), we get 
""^^ ^ (m + k + 2)(m + k + l) 
2 s^i > 
Hence the result holds for / = m+k+2 
The missing entry m+3k-2 is (m+3k+l)^^ term of the 
sequence Sk- So consider the case. 
Case 3. For m+k+3 < / < m+3k. 
; m + k+2 I 
' = 1 / = 1 i = m + k^3 
_ {m + k-\)(m + k + 6) / , , x 
- + (Sm + k + 3 + Sni + k + 4 + + S/) 
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(Using equation (2.6)). 
(m + k-U(m + k + 6) ^ ^^^^^^ ^ (m+k+1) + - - + (/-3)} 
(m + k-l)(m + k + 6)^ ( / -m-k-2 ) r^+]^+i_2] 
2 2 
(m + k-l)(m + k + 6) /(/-I) /(m + k-2) 
(m + k + 2)(m + k + /-3) 
^^^-^ + (3m+3k-2/) " (2 .8) 
Subcase 3.1. When m=3k, 4k+3 < / < 6k and missing entry 
m+3k-2 is 6k-2 , which is equal to the entry 2m-2 (=6k-2), so 
last entry (the 6k^'' entry) is m+3k-3, from equation (2.8) we 
get, 
t s i = ^ + 2 ( 6 k - / ) - ( 2 . 9 ) 
so for / < 6k, 6k- / >0 hence from equation (2.9), we get 
^si > -^^ ^, inequalities hold for m=3k and 4k+3 < / < 6k. 
=1 
Subcase 3.2. When m > 3k, m+k+3 < / < m+3k from equation 
(2.8). 
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^s,>^^^—^ + 3m+3k-2(m+3k) , (v /<m+3k) 
2 
or ^ s ,>^^^-^ + (m-3k) 
2 
or ^ s . >-^ ^ -, (•.• m>3k), so inequalities hold in this subcase. 
i=i 2 
Case 4. For m+3k+l < / < 2m 
J^s, = {1+2+—-+(/-2)} + 3 (m+k-1) - (m+3k-2) 
i=l 
fi^Mra + 2m-l 
2 
= -'^  + (2m-/) 
> -^^ -, (•: /<2m), so inequalities hold for 
m+3k+l</<2m. 
Hence by equation (2.2) Sk for k = 1,2, , j are strong 
score sequences of order n with a single repetition ~—'^ of 
length four. Also by theorem (2.3) S'k for k = 1,2, ,j are the 
strong score sequences of same order as Sk with a single 
n -2k 
repetition of length four. Which proves the theorem. U 
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Remark; In score sequences (2.4), if we set k = l , then we get 
for3j<m<3G + l ) , j = l ,2 , -— 
S, = (1,2, —-, m - 1 , 4xm, m+1 ,—- , 2m-2) \ (m+l) 
or Si = (1 ,2 ,—-, m - 1 , 4xm, m+2,—-, 2m-2) —(2.10) 
and converse of sequence Si, 
S'l = (1 ,2 , -—, m - 3 , 4x(m- l ) , m , — , 2m-2) —(2.11) 
Now from Si, if we delete one repeated score i.e. m, and 
reducing 2 m - l - m (=m- l ) largest entries by one, and arrange 
it in non-decreasing order, we get. 
Si = ( 1 , 2 , — , m-2 , 3x(m- l ) , m,—- 2m-2) -(2.12) 
Also if we apply the same operation on Si' i.e. we delete 
the repeated entry m - 1 , then we get again Si. Which is a 
strong score sequence, having a single repetition m-1 of 
length three. 
Hence for k= l , the strong score sequences (2.4), after 
deleting the one repeated entry m and reducing m-1 largest 
entries by 1, always gives the strong score sequence with a 
single repetition m-1 of length three of order 2 m - l . While the 
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converse of score sequence (2.4) after the same operation also 
gives the same score sequence. 
Now we give a result which characterizes the strong 
score sequences with a single repetition p of length four for 
order n>9 and n odd. 
Theorem 2.5. For n odd and 6j+3<n<6j+9, j = l ,2, , there 
are 2j strong score sequences Sk and Sk' of order n, having a 
single repetition of length four, where 
o / , ^ n + 2k-3 . n + 2k-l n + 2k + l ^s, 
Sk = (1,2, —, , 4 X , , —-, n-2)\ 
n + 6k-K 
Where k = 1,2,—-,j --(2.13) 
Proof. Since n is odd, let n = 2m+l , so 3j + l < m < 3j+4, 
j = l ,2 ,—-, and 
Sk= (1,2,—,m+k-l ,4x(m+k),m+k+l ,—,2m-l) \ (m+3k) -(2.14) 
Here we note that the missing entry m+3k, will appear 
after the repeated entry m+k, because for k> l , m+3k>m+k. 
Now we show that Sk is a strong score sequence. Consider 
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2m+l 
2] Si = { 1 + 2 + — - + ( 2 m - l ) } + 3 ( m + k ) - ( m + 3 k ) 
i=I 
(2m-l).2m . ^ 
-!^  + 2m 
2 
= (^ "^  + lX2m) ^ ^ j ^ ^ ^ ^^^ equali ty holds for / = 2m+l 
For s t rongness , now we have to show that 
^ s , > ^^^-^, for 1 < / < 2m+l -(2.15) 
i=l 2 
Case 1. For 1 < / < m+k 
^ s i = ^^  > ~ -, so the inequal i t ies hold in this case. 
i=i 2 2 
Case 2. For / = m+k+3 
m+k + 3 m + k+1 
i=l i=l 
>, = Xs, + 3 (m+k) 
(m + k)(m + k + l) ^ 3 ^ ^ ^ j ^ ^ 
(m + k)(m + k + 7) 
. (m + k + 3)(m + k + 2) . . , , ,N • ,.,• ^^ , x^ 
> ^ -, (•.•m>4,k>l), inequal i t ies(2 .15) 
hold for / = m + k + 3 . 
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Now since missing entry m+3k is (m+3k+3)*'' term of 
the sequence Sk- So consider the following cases. 
Case 3 . For m+k+4 < / < m + 3k + 2, 
; m+k+3 
i=l 
+ (Sm+k+4 + ---- + s/) 
(m + k)(m + k + 7) ^ ^ ^ + k + i ) + ..._ + ( ;_3) | 
(m + k)(m + k + 7) _^  ( /-m-k-3)(/ + m + k-2) 
(m + k)(m + k + 7) _^  /(/-I) ^ /(m + k-1) 
_ (m + k + 3)(/ + m + k-2) 
2 
= fcll + 3m+3k-2/+3 --(2.16) 
Subcase 3.1. When m=3k+l, 4k+5 < I < 6k+3, then missing 
entry m+3k becomes 6k+l , which is equal to the entry 2m- l 
(=6k+l) , and number of terms in the sequence will be 6k+3, so 
we leave the value / = 6k+3, because we have already proved 
the equality. From equation (2.16), for m=3k+l , 
^ s , = ^^^-i^ + 1 2 k - 2 / + 6 —(2.17) 
i=i 2 
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since 6k+3 > / so 12k-2 / + 6 > 0, hence from equation(2.17), 
we get ]^si > -^^ -, so inequalities hold in this case. 
i=i 2 
Subcase 3.2. For m > 3k+l and m+k+4 < / < m+3k+2, from 
equation (2.16), we have 
2]Si = ^-^^—^ + 3m+3k+3 - 2 / 
or, 5]Si > ^ ^ ^ ^ + 3m+3k+3-2 (m+3k+2) ,(-.•/<m +3k+ 2) 
i=l 
or, Y.^i > ^-^^—^ + m - 3 k - l 
i=i 2 
or ^s i > — ^, (because m - 3 k - l > 0 as m>3k+l} 
i=l 
inequalities hold for m+k+4 < / < m+3k+2 
Case 4. For m+3k+3 < / < 2m+l, we get 
^ s . = {1+2+—- + (/-2)} + 3 ( m + k ) - ( m + 3 k ) 
i=l 
( / - 2 ) ( / - l ) , -
^ ^^  + 2m 
2 
^<^- / + 2m+l 
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> -^ ^, {v I < 2m+l} , so inequalities hold in this 
case. 
Hence by equation (2.2) Sk for k=l,2,---,j shall be strong 
score sequences, each of order n, with a single repetition 
n + 2 k - l of length four. Also by Theorem (2.3) Sk' for 
k=l ,2 , ,j are the strong score sequences of same order as Sk 
O l 1 
with a single repetition of length four. This completes 
the proof. D 
Let sr4(n) denoted the number of strong score sequences 
with a single repetition p of length 4. Table 2.3 lists the values 
of sr4(n), n>6, for some values of n, the general result for 
sr4(n) is not known. 
N 6 7 8 9 10 11 12 13 14 15 
sr4(n) 2 0 2 2 2 2 4 2 4 4 
Table (2.3) 
Table 2.4 and Table 2.5 list the values of sr5(n) and 
sr6(n) (the number of strong score sequences with a single 
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repetitions of length 5 and 6) for some values of n, the general 
result for sr5(n) and sr6(n) are not known 
n 7 8 9 10 11 12 13 14 15 
sr5(n) 2 2 3 6 6 8 11 14 14 
Table (2.4) 
n 8 9 10 11 12 13 14 15 
sr6(n) 2 4 6 10 16 20 28 40 
Table (2.5) 
CHAPTER THREE 
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CHAPTER 3 
SELF-CONVERSE STRONG SCORE SEQUENCES 
WITH SINGLE REPETITIONS 
In this chapter we study some properties of self-converse 
strong score sequences. We give a brief review of self-
converse, regular, near-regular score sequences. We obtain the 
number of self-converse strong score sequences with a single 
repetition. Finally, we characterizes the self-converse strong 
score sequences with a single repetition of length three and 
five. 
Definition 3.1. A score sequence S = (si,S2, ,Sn) is said to 
be self-converse if all the tournaments T, having the score 
sequence S are self-converse, i.e. T = T'. If S = (S],S2, ,Sn) 
is the score sequence of a tournament T, then S', the score 
sequence of T', is 
S' = ( n - l - s i , n - l -S2 , -—, n-l-Sn) 
All the score sequence of order fewer than four are self-
converse. A score sequence S = (s, , S2, , Sn) is regular if 
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Si=S2= =Sn and near regular if the maximum difference 
between its scores is one. 
In 1979, Eplett [14] characterized the self-converse score 
sequences. 
Theorem 3.1 [14] A score sequence S = (si,S2, ,Sn) is self-
converse if and only if 
Si + Sn+i-i = n - 1 , for 1 < i < n --(3.1) 
Theorem (3.1) is equivalent to saying that S is self-
converse if and only if S' = S. One needs to verify the 
equation (3.1) only for i = 1,2, , [n/2]. All regular and near 
regular score sequences are self-converse. 
Let T be a tournament with score sequence S. The strong 
components of S are the score sequences of the strong 
components of T. The following result gives all the strong 
components of T. 
Theorem 3.2 [3] Let T be a tournament and S = (si,S2, 
,Sn)be the score sequence of T. Suppose 
Xs. = p (p - l ) /2 -(3.2) 
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Z^  q ( q - l ) / 2 - ( 3 . 3 ) 
an d Xs, > k (k - l ) / 2 , for p+1 < k < q-1 
i=l 
• (3 .4 ) 
where 0 < p < q < n. 
Then the sub-tournament induced by the vertices (vp+i,--
—, Vq} is a strong component of T with score sequence 
(Sp+i-p , - — , Sq-p) . 
The above theorem shows that the strong components of 
S are determined by the successive values of k for which 
k 
1 J]Si = k ( k - l ) / 2 , 1 < k < n • (3 .5 ) 
Example 3.1. The following example represents all 8 self-
converse strong score sequences with a single repetition of 
order 9 arranged in antilexicographic order. 
Sequence number Score sequence 
1. (1,2,3,4,4,4,5,6,7) 
2. (1,2,4,4,4,4,4,6,7) 
3. (1,3,4,4,4,4,4,5,7) 
4. (1,4,4,4,4,4,4,4,7) 
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5. (2,3,4,4,4,4,4,5,6) 
6. (2,4,4,4,4,4,4,4,6) 
7. (3,4,4,4,4,4,4,4,5) 
8. (4,4,4,4,4,4,4,4,4,) 
Table (3.1) 
Let sc(n) denote the number of self-converse strong 
score sequences with a single repetition, of order n. Table 3.2 
lists the values of sc(n) for some values of n. 
n 3 5 7 9 11 13 15 
sc(n) 1 2 4 8 16 32 64 
Table (3.2) 
We conjecture that the value of sc(n) is given by 
sc(n) = 2^"-')^' •(3.6) 
for n > 3 and n is odd 
Below we characterize self-converse strong score 
sequences with single repetition of length three. 
Theorem 3.3. If n > 3 and is odd, then 
c - /I o n - 3 ^ n -1 n + 1 ». 
S - (1,2, , - - - , 3 X --^, , —-, n-2) -(3.7) 
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is a unique self-converse strong score sequence of a 
n - 1 
tournament of order n with a single repetition of length 
three. 
Proof. As n is odd, putting n - 2m+l , m > 1, sequence (3.7) 
becomes, 
S = (1,2, , m - 1 , 3xm, m+1, , 2 m - l ) •(3.8) 
Here we have, 
Si 
i , if 1 < i < m 
m , if m+1 < i < m+2 
i-2 , if m+3 < i < 2m+l -(3.9) 
First we show that sequence S is a strong score sequence. 
Consider 
2m+l m+2 2m+l 
i=l 1=1 i=m+l i=m+. 
Si 
(1+2+-— + m) + 2m + {(m+l)+(m+2) +-— + (2m-l )} 
m(m + l) + 2m + ("^"^X^m) 
2 2 
m (2m+l) 
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= (2m + l)(2m)^ ^^^^^ equality holds. 
It remains to prove that 
J^si > ^^ ^—^ , for 1 < / < 2m 
Case 1. For 1 < / < m, we have 
2]si = (1+2+-—+/) 
i=l 
= -^^ > — -, so inequalities hold in this case. 
Case 2. For / = m+2, we have 
m+2 m 
^ S i = 5 ] Si + Sni+l + Sm+2 
i=l i=l 
m(m + l) , ^ 
= —'^  + 2m 
2 
m(m + 5) __^3^Q^ 
Subcase 2.1 When m=l , the repeated entry m will be equal to 
last entry 2 m - l , so for m=l , the sequence becomes (1,1,1), 
which is a strong score sequence with a single repetition 1 of 
length three, so result holds for m=l . 
Subcase 2.2 When m>l , we have 
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g s , = m(rn + 5) ^ {from equation (3.10)} 
> (g^  + 2)(m + l)^ ^^^^ ^>^^ gQ inequalities hold for 
/=m+2,m>l. 
Case 3. For m+3 < / < 2m, we have 
^Si = ^ s i + 2 m + ^ S i 
i = l i=l i=in + 3 
= "^ ("^  + ^ )+ 2m + {(m+l)+(m+2)+-—+(/-2)} 
m(m + 5) _|_ (/-m-2)(/ + m-l) 
= ( r - 3 / + 4m + 2)/2 
> ( / ^ - 3 / + 2/ + 2)/2 , (v / < 2m) 
2 
so, ^s i >-^ ^ ^, so inequalities hold for m+3 < / < 2m 
i=l 
Hence by equation (2.2), the sequence S is a strong score 
„ 1 
sequence with a single repetition of length three. 
Now we show score sequence S is self-converse 
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(i) For 1 < i < m - 1 , we have 
Si + S(2m+l)+l-i ~ Si + S2m+2-i 
= i + (2m+2-i) - 2 
(from equation (3.9) when 1 < i < m-1 than m+3 < 2m+2-i< 
2m+l) 
so, Si+S(2m+i)+i-i = 2m 
(ii) For i = m, we have 
Si + S(2m+l)+l-i ~ Si + S2m+2-i 
= m+m 
= 2m 
(from equation (3.9) when i = m than 2m+2-i = m+2) 
Hence from theorem (3.1), the score sequence S is self-
converse. 
Lastly, for uniqueness, consider a strong score sequence 
of order n, with a single repetition p of length three, i.e., 
sequence is 
( 1 , 2 , - - - - p - l , 3xp, p + 1 , — - , n-2) --(3.11) 
since it is a score sequence, so 
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^ _ n(n-l) 
1=1 
P(P + 1) + 2D + ("-P-2)(n + p-3) ^ n(n-l) 
2 ^ 2 2 
or 4p = 2n-2 
n-1 
or, p = — , 
which proves the uniqueness of the theorem. Hence the 
result.D 
The next result deals with the strong score sequences of 
even order, which has a single repetition p of length three. 
Theorem 3.4. There is no strong score sequence of any even 
order n(n>4), which has a single repetition of length three. 
Proof. If n even, let 
S = (1,2,-—, p - 1 , 3xp, p + 1 , — - , n-2) --(3.12) 
be a strong score sequence of even order n with single 
repetition p of length three. As n is even, putting n =2m, m>2. 
Suppose the sequence (3.12) be a strong score sequence 
of order 2m. Then S must satisfy the equality condition of 
Landau's Theorem, so. 
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22, 2m(2m-l) 
Is- = ^ 
p+2 2in 
or, j]si + ^ s , + 2] Si = m(2m-l ) 
i=l i = p+l i=p + 3 
o,^ P(P±1) + 2p + (2m-p-2)(p + 2m-l) ^ ^ ( 2 m - l ) 
or, 4p - 4m + 2 = 0 
2m-1 ^ ^ 
p = , m > 2 
Hence p can not be a positive integer. But p being a 
score, is always a positive integer. Thus we proved the 
result.D 
In the last we characterize self-converse strong score 
sequences, having a single repetition of one entry of length 
five. 
« -3 Theorem 3.5. For n > 5 and n odd, there are self-
converse strong score sequences Sk of order n, having a single 
repetition of length five, where 
Sk - (1,2, —-, ^ - , 5 X ~j~, ^ - , —-, n - 2 ) \ ( ^ — k , -^-- + k) 
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For k = 1,2,- n-3 
•' 2 
- (3 .13) 
Proof. As n is odd and n>5, putting n = 2m+3, m>l . We get 
Sk = (1,2,-—,m, 5x(m+l), m+2,—-, 2m+l ) \ (m-k+l , m+k+1) 
- (3 .14) 
When m is equal to 1, then k will becomes 1 and missing 
entries become 1 and 3, So sequence is (2,2,2,2,2), which is 
strong score sequence as well as self-converse. Hence the 
result holds for m=l . 
Now we show that result is true for m>2. The missing 
entry m-k+1 will appear before the repeated entry m+1, while 
other missing entry m+k+1 will appear after the repeated entry 
m+1 as m-k+1 < m+1 and m+1 < m+k+1 for k> l . 
From (3.14) we get 
i+1 
m+1 
i-3 
i-2 
for 1< i < m-k 
for m-k+1 < i < m 
for m+1 < i < m+4 
for m+5 < i < m+k+3 
for m+k+4 < i < 2m+3 
•(3.15) 
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Consider 
'g's, = ( 1 + 2 + — + 2m+l) + 4(m+l) - (m-k+1) - (m+k+1) 
i=l 
= (2m+l)(m+l) + 2(m+l) 
= (2m+3)(m+l) 
(2m + 3)(2m + 2)^ ^^^^ equality holds for n = 2m+3, 
Now for strongness we have to show that, 
^s i > ^IJZR , for 1 < / < 2m+2 --(3.16) 
i=i 2 
Case 1« For 1 < / < m-k, we have 
^si = ^ ^ ^ ^ > ^-^l^, for 1 < / < m-k, so inequalities hold. 
i=) 
Case 2. For m-k+1 < / < m, we have 
i=l i=l i=in-k+I 
(m-k)(m-k4-l) _^  ^ ^ _ k + 2 ) + - + ( /+ ] )} 
(m-kXm-k + 1) ^ ( / -m + k)(/ + m - k + 3) 
(m-k)(m-k + l ) ^ 1(1-I) ^ / (k-m + 1) ^ ( /-m + k)(m-k + 3) 
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= ^IzR + (2/-m+k) 
> ^SLJl + {2(m-k+l) -m+k} , (v / > m-k+1) 
or, ±s. > ^ ^ + ( m - k + 2 ) 
or, ^s i > — ~ (as k < m), inequalities hold in this case. 
i=l 2 
Case 3. For, / = m+4, we have 
m+4 
£ s . = { 1 + 2 + — +(m+1)} + 4 ( m + l ) - ( m - k + 1 ) 
i=l 
(^ + ^)(^^^) + 3m+k+3 
2 
(^^^^(^•'^^ _ (2m+5) + 3m+k+3 
= (-^^^^i-^-^^) + (ni+k-2) 
^ (m + 4)(m + 3 ) . ^ o i - ^ i \ - i - ^ i u r 
> ^ 9 -, (as m > 2, k > 1), inequality holds for 
/=m+4. 
Case 4. For m+5 < / < 2m+2, we divide the case 4 into two 
subcases, as m=k and m>k. 
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Subcase 4.1. For m = k, k+5 < / < 2k+2 then the missing entry 
m+k+1 becomes 2k+l , which is equal to the entry 2m+l 
(=2k+l) . And the other missing entry m-k+1 becomes 1. 
Sequence Sk is, 
Sk = (2 ,3 , -—, k, 5 x ( k + l ) , k+2, —, 2k) --(3.17) 
and, 
^ s , = (2+3+-— + k) + 5(k+l) + {(k+2)+—-+ (/-3)} 
i=l 
(k- l ) (k+2) /2 + 5 ( k + l ) + ( / -k -4) ( /+k- l ) /2 
(k^+llk+8)/2 + / ( / - l ) /2 + /k /2- (k+4)(/- l+k)/2 
/ ( / - l ) /2 + (4k-2 / + 6) 
> / ( / - l ) /2 + {4k-2(2k+2) + 6}, (v / < 2k+2) 
/ ( / - l ) /2 + 2 
> / ( / - l ) / 2 , hence inequalities hold in this case. 
Subcase 4.2. For m > k, m+5 < / < 2m+2, in this case missing 
entry (m+k+1) is (m+k+4)"' term of Sk, so, again dividing this 
subcase into two subcases. 
Subcase 4.2.1 For m+5 < / < m+k+3, m>k, we have 
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2^s, = {1+2 + —-+(m+1)} + 4 ( m + l ) - ( m - k + l ) 
i=i 
+ {Sm+5 + - — + S/} 
(m + l)(m + 2) ^ 3^+1^+3 + {(m+2)+(m+3)+—-+(/-3)} 
(m + l)(m + 2) _^  3 J^+ |^+3 + (/-m-4)(/ + m-l) 
2 2 
(m + l)(m + 2) ^ 3jn+]^+3 + Kl-^) + to._ (m + 4)(/ + m - l ) 
2 2 2 2 
^^ ^—^ + (3m+k-2 / + 6) 
> ^Ul + {3m+k-2 (m+k+3) + 6} 
= -^  + (m-k) 
> — -, (as m>k), inequalities hold in this subcase. 
Subcase 4.2.2 For m+k+4 < / < 2m+2, m > k, we have 
Xs. = {1+2+-— + (/-2)} - ( m - k + l ) - ( m + k + l ) + 4(m+l) 
i=i 
*^^M.d) + 2m+2 
L'LJl + (2m - / + 3) 
44 
> ^AJl + {2m- (2m+2)+3}, (v / < 2m+2) 
ilzR + i 
> — -, so inequalities hold in this subcase. 
Hence by equation (2.2), the sequence S^ is a strong 
„ 1 
score sequence of order n contains a single repetition of 
length five. 
It remains to prove that the score sequences Sk, for 
k=l ,2 , , , are self-converse. 
(i) For 1 < i < m-k, we have 
Si + S(2ni+3)+l-i ~ Sj + S2m+4-i 
= i + (2m+4-i) - 2 , (from equation 3.15) 
= 2m+2 
(ii) For m-k+1 < i < m, we have 
Si + S(2m+3)+l-i ~ Sj + S2m+4-i 
= ( i+ l )+ (2m+4- i ) -3 
(from equation (3.15)) 
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= 2m+2 
(iii) For i = m+1, we have 
Si + S(2m+3)+l-i ~ Sm+1 + Sni+3 
= (m+l)+(m+l) , (from equation (3.15)) 
= 2m+2 
Hence the equation (3.1) is satisfied for i = 1,2, , 
[ ], so the score sequences Sk, for k - 1,2, , , are 
self-converse.D 
CHAPTER FOUR 
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CHAPTER 4 
ON THF SCORE SEQUENCES OF BIPARTITE 
TOURNAMENTS 
In this chapter we study one more class of tournaments, 
known as bipartite tournaments. We briefly study strong 
simple, and self-converse score sequences of bipartite 
tournaments. We present some results for score sequences 
(A,B) of strong bipartite tournaments in which all the scores 
of A and all the scores of B are same. 
A bipartite tournament is a complete oriented bipartite 
graph. Thus an m x n bipartite tournament T consists of two 
bipartite sets say X = {xi, X2, , Xm} and Y = (yi, y2, , 
yn} of vertices, and mn arcs between X and Y. The scores (or 
out-degrees) of vertices Xi and yj are denoted by aj and bj 
respectively, for 1 < i < m and 1 < j < n. A = (ai, aa, ,3^) 
and B = (b,, b2, , bn) in non-decreasing order with 0 < a; < 
n for 1 < i < m and 0 < bj < m for 1 < j < n are called score 
sequences of T. 
47 
Definition 4.1. Let A and B be the sequences of non-negative 
integers. The pair (A,B) is said to be realizable if there exists 
a bipartite tournament T with score sequences A and B. 
Definition 4.2. Suppose A = (ai, a2, , am) and B = (bi, b2, -
---, bn) are the score sequences of some bipartite tournament. 
The sequences. 
A' = (n-ai, n-a2, —-, n-a^) 
and B' = (m-bi, m-b2, , m-bn) 
are called the duals of A and B. Clearly if (A,B) is realizable, 
so is (A', B') . 
Definition 4.3. A pair of score sequences (A,B) is said to be 
strong or strongly connected if and only if the bipartite 
tournament T with score sequences (A,B) is strong. 
Definition 4.4. Let T be a bipartite tournament with score 
sequences (A,B)- The strong component of (A,B) are the pair 
of score sequences of strong components of T. 
Landau [27] has characterized the score sequences of 
tournaments (see theorem 2.2). The analogous result in the 
48 
case of bipartite tournament has been given by Beineke and 
Moon [6]. 
Theorem 4.1 [6] Let A = (ai, a2, , a^) and B = (bi, b2, , 
bn) be the sequences of nonnegative integers in non-decreasing 
order. Let Ai obtained from A by deleting one entry ai and Bj 
is obtained from B by reducing n-ai largest entries of B by 1. 
Then (A,B) are the bipartite score sequences if and only if 
(Ai ,Bi) are. 
The next result is the analogue version of Landau's 
Theorem. 
Theorem 4.2 [6] Two non-decreasing sequences A = (ai, a2, 
, am) and B = (bi, b2, , bn), of nonnegative integers are 
the score sequences of some bipartite tournament if and only if 
£ a , + 2]6j > kl, for 1 < k < m and 1 < / < n ...(4.1) 
(=1 7=1 
with equality when k = m and / = n 
Furthermore, the realization are strong if and only if 
ai>0, bi>0 and the inequalities (4.1) are all strict except when 
k==m, and /=n. 
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Simple Pair of Bipartite Score Sequences 
If a pair (A,B) is realizable and all its realizations are 
isomorphic, then (A,B) is called a simple pair of bipartite 
score sequences (or (A,B) is called uniquely realizable). 
Beineke and Moon [6] first time studied strong pairs of simple 
bipartite score sequences. 
Theorem 4.3 [6] A pair of bipartite score sequences is simple 
if and only if each of its strong component is simple. 
Theorem 4.4 [6] A pair of bipartite score sequences (A,B) is 
simple if and only if the dual pair (A',B') is simple. 
Bagga and Beineke [4] gave a better characterization of 
strong pairs of simple bipartite score sequences. 
Theorem 4.5 [4] A strong pair (A,B) of score sequences is 
simple if and only if one of the following holds: 
(i) A = (1,1, , 1) or its dual and B arbitrary. 
(ii) A = (1,1, —-, a) and B = (b,b, —-, b) or its dual. 
(iii) A = (l ,a ,a, -—, a) B = (2,2, - — , 2 ) or its dual. 
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Self-converse Bipartite Score Sequences 
A pair of mxn bipartite score sequences A==(ai,a2, , a^) 
and B = (bi,b2, , bn) is said to self-converse if all the 
bipartite tournaments T with score sequences (A,B) are self-
converse, that is T = T'. Beineke [5] and Beineke and Moon 
[6] have claimed that a natural analogue of Eplett 's [14] 
characterization of self-converse score sequences in case of 
bipartite tournament, must be as follows: 
A pair of bipartite score sequences A = (a],a2, , am) 
and B = (bi,b2, , bn) is self-converse if and only if 
^i + am+i-i = n, for l < i < m ....(4.2) 
bj + b„+,.i = n, for 1 < j < n ....(4.3) 
It is equivalent to saying that a pair of bipartite score 
sequences (A,B) is self-converse if and only if A'=A and 
B'=B. 
Beineke and Moon [6] reported a counter example with 
sequences A = (1,1,1,3,3,3) and B = (2,2,4,4). This satisfies 
A'=A and B'=B but it is not self-converse. So they claimed 
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that equations (4.2) and (4.3) are necessary conditions for a 
pair of score sequences (A,B) to be self-converse. 
Now we give some results which deals with strong 
bipartite score sequences (A,B), such that all the entries of A 
and all the entries of B are same. 
Theorem 4.6 Let (A,B) be a pair of n x n strong bipartite 
score sequences. Then (A,B) has all the entries of A and all 
the entries of B same if and only if 
A = (t,t, —-, t), B = (n-t , n- t , —-, n- t ) for t = 1,2, —-, n - 1 . 
Proof. Here 
Y,ai + YJ^' ^ ^^ '^^ (n-t) = n^, thus equality holds. 
,=1 7=1 
For strongness, it remains to prove that (A,B) satisfies, 
k I 
J^a, + 2^6j > k/, for 1 < k < n, and 1 < / < n (except for 
k=/=n) we have 
k I 
X«' + Y.b, = kt + I (n-t) . . . . (4 .4) 
.=1 j=\ 
Case 1. For k=/, the equation (4.4) becomes 
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Y,a. + X^ ^ = /t + / (n-t) 
;=1 j=l 
- /n 
> k/, (as n>k), so inequalities hold in this case. 
Case 2. For k>/, the equation (4.4) becomes 
Xa, + Z^>j = /n + (k-/) t 
,=1 y=l 
> k/ + (k-/) t, (as n > k) 
> k/, (as k-/ > 0) 
So inequalities hold for k > /. 
Case 3. For k < / the equation (4.4) becomes 
X«'+ i&. =/n-( / -k)t 
1=1 j=\ 
> In- (l-k) (n-1) , (as t < n-1) 
= kn + (/-k) 
> k / , {as n > / and (/-k) > 0} 
Thus inequalities hold for k < /, which proves the result.L 
Note: Here we note that A'=B, and B'=A. 
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The next result concerns the bipartite score sequences 
(A,B) of order m x n, when m^ ^^ n and m and n both are even. 
Theorem 4.7. Let (A,B) be a pair of strong bipartite score 
sequences of order m x n, m ^ n, and m and n both are even. 
Then (A,B) has all the entries of A and all the entries of B 
same if 
A = ( - , - , , - ) , B = (—,—, , —) 
22 2 22 2 
or its dual, 
Proof. Here, it is obvious m and n both should be even. Also, 
]£ai + ^b j = — + — = mn, so equality holds. 
i=i j=i 2 2 
For strongness, we have, 
i=l j=l ^ ^ 
(for 1 < k < m, 1 < / < n) 
The second part directly follows from definition of dual 
of (A,B) and the fact (A,B) is strong if and only if its dual 
(A',B') is strong. Hence the result. D 
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We observe that, if (A,B) be a pair of strong bipartite 
score sequence of order m x n, m^^n, and n is a multiple of m. 
Then (A,B) has all the entries of A and all the entries of B 
same if 
A = (—,—, , — ), B = (m-1, m-1, , m-1) or its 
m m m 
dual. 
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